We prove rigorous inequalities for the hydrodynamic translational friction and mobility matrices and O of an arbitrarily shaped rigid particle in terms of the electrostatic capacitance C of a conducting particle of identical shape. Specifically, we derive the scalar and matrix inequalities −1 ഛ C −1 I, where all quantities are normalized by the corresponding values for a sphere, and the mobility matrix is evaluated in the center-of-mobility reference frame. These bounds are obtained using a variational approach with the energy dissipation functional expressed in terms of the induced force distribution on the surface of the particle. To relate the hydrodynamic problem to the solution of the corresponding electrostatic problem, the trial force field is expressed in terms of the charge distribution on the equipotential particle surface. This procedure yields the first rigorous bounds on hydrodynamic friction that apply to bodies with translation-rotation coupling. We demonstrate that the error of the Hubbard-Douglas approximation 1 3 tr −1 Ϸ C −1 , corresponding to our scalar bound, is quadratic in the deviation of the trial induced-force field from the exact form-which explains why this relation is highly accurate for many particle shapes. Our numerical results confirm that the Hubbard-Douglas approximation is accurate for a variety of objects, including helices with translational-rotational coupling. In addition, we establish a rigorous, sharp bound on the effective ͑scalar͒ Brownian diffusion coefficient of an arbitrarily shaped particle.
I. INTRODUCTION
The hydrodynamic drag exerted by a fluid on a translating particle is an important quantity characterizing diffusion and sedimentation processes in suspensions, aerosols, and macromolecular solutions. Measurements of the drag coefficients are used in numerous applications, such as identification of macromolecular conformations and the evaluation of hydration levels of globular proteins. [1] [2] [3] [4] [5] [6] [7] Analytical determination of the friction matrix under Stokes-flow conditions is possible only for simple shapes, such as a sphere, ellipsoid, 8, 9 or torus. 10 For more complicated shapes, boundary-integral algorithms [11] [12] [13] and approximations in which the particle is modeled as a collection of small spheres 14 have been developed. Numerical evaluation of the friction and mobility matrices for complex shapes is involved. To circumvent this difficulty, Hubbard and Douglas 15 proposed an approximate relation 
͑1͒
between the hydrodynamic translational friction tensor of an arbitrarily shaped rigid particle and the electric capacitance C of a conducting particle having an identical shape. ͑Here and C are nondimensionalized by the friction coefficient 0 =6 0 a and capacitance C 0 =4⑀ 0 a of a sphere of radius a, where 0 is the viscosity of the suspending fluid and ⑀ 0 is the permittivity of free space.͒ Since the electrostatic problem involves a scalar potential rather than a vector velocity field, the capacitance is easier to evaluate, e.g., using Monte Carlo algorithms. [16] [17] [18] [19] [20] The approximation of Hubbard and Douglas was tested for a number of particle shapes, and in all cases the agreement was remarkably good. 15, 16 In this paper we analyze the relation of the translational friction and mobility tensors to capacitance from a variational point of view. 21 We use an energy-dissipationminimum principle associated with a boundary-integral form of Stokes equations. In our formulation, the induced-force distribution f on the particle surface serves as the variational trial field. The energy dissipation is related to the corresponding electrostatic capacitance problem by expressing the trial force field f in terms of the charge distribution on the particle.
Using the variational approach outlined above, we derive the following scalar and tensorial inequalities: where I is the identity tensor and O is the translational mobility matrix evaluated in the center-of-mobility reference frame 21, 22 ͑i.e., the reference frame in which the rotationaltranslational mobility tensor is symmetric; for a more detailed definition see Sec. II B below͒. The mobility matrix O is normalized by the mobility 0 −1 of a sphere of radius a, consistent with the normalization of the friction matrix .
The inequality sign in relation ͑3͒ is to be understood in the matrix sense. By definition, A ഛ B if and only if the matrix B − A is semipositive definite. Since the tensor on the right-side of relation ͑3͒ is isotropic, the matrix inequality is equivalent to the expression
where min is the smallest eigenvalue of the friction tensor . Relation ͑2͒, with inequalities replaced by equality signs, corresponds to the Hubbard-Douglas approximation ͑1͒.
Taking the trace of both sides of relation ͑3͒ yields
, which is a weaker inequality than the bound ͑2͒.
In the following sections we present a detailed analysis of the problems outlined above. In Sec. II basic properties of hydrodynamic friction and mobility matrices are recalled. In Sec. III the boundary-integral formulation for the hydrodynamic and electrostatic problems is introduced. Using this formulation, hydrodynamic friction and mobility matrices are expressed in terms of an energy dissipation functional; the electrostatic capacitance is expressed by a corresponding functional representing the electrostatic energy. Variational bounds ͑2͒ and ͑3͒ are derived in Sec. IV, using appropriate energy-dissipation extremum principles. In Sec. V some numerical examples illustrating the bounds are described. The results are discussed in Sec. VI.
II. HYDRODYNAMIC RESISTANCE AND MOBILITY

A. Friction and mobility matrices
Before we describe the proofs of inequalities ͑2͒ and ͑3͒, we first recall the definitions of translational and rotational hydrodynamic friction and mobility matrices. 21, 23 The sixdimensional friction matrix that characterizes the translational and rotational hydrodynamic resistance is defined by the expression
where F and are the external force and torque acting on the particle, and U and ⍀ are its translational and angular velocities in the reference frame in which the fluid at infinity is at rest. The six-dimensional mobility matrix is defined by the inverse problem
͑6͒
The indices p , q = t , r refer to the translational and rotational components pq and pq of the friction and mobility matrices.
As a result of the positivity of the energy dissipation, the friction and mobility matrices in Eqs. ͑5͒ and ͑6͒ are positive definite. Moreover, they are symmetric by the Lorentz reciprocal relation. 23 The symmetry implies that the component mobility matrices tt and rr are symmetric. The translational-rotational component matrices tr and rt are, in general, not symmetric, but they satisfy the reciprocal re-
where the dagger denotes the transpose. For the components of the friction matrix the analogous symmetry relations apply.
B. Center of mobility
The translational velocity U of a rotating rigid particle depends on a choice of the reference point that is used to describe the particle position. The torque also depends on the choice of the reference point, unless the total force acting on the particle vanishes. Therefore, the friction and mobility matrices in Eqs. ͑5͒ and ͑6͒ depend on the choice of the reference point OЈ ͑the center of rotation͒ with respect to which the quantities U and are determined. The only exceptions are the components tt and rr because they link quantities that are invariant with respect to the choice of the reference point.
The position of the center of rotation has three coordinates, which can be used to eliminate three independent components of the antisymmetric part of translationalrotational matrix tr . One can show 21 that the elimination can always be done and is unique. Accordingly, there always exists a unique center of mobility O such that
The subscript O indicates herein that the respective quantity is evaluated with respect to the center of mobility. The symmetry relation ͑8͒ has a number of important consequences. First of all, the divergence of the angular velocity ⍀ = O rt · F with respect to angular variables describing particle orientation vanishes. 24 As a result, when a torquefree particle sediments under the action of a constant force applied to the center of mobility, its isotropic orientational distribution is unaffected by the translational motion.
Due to this decoupling of the evolution of the translational and orientational particle distributions, the center of mobility plays a special role in the long-time translational Brownian diffusion of nonspherical particles. As discussed by Wegener, 24 the effective translational diffusion coefficient at long times is given by a generalized Stokes-Einstein relation
where kT is the thermal energy. Equation ͑9͒ is valid for times that are much larger than the time of equilibration of the angular probability distribution for orientation of the particle. Thus, for Brownian particles, the isotropic part of the mobility tensor O tt can be determined from measurements of the long-time mean-square displacement of the particle.
C. Translational components of friction and mobility matrices
In general, the translational friction and mobility matrices O tt and tt are not inverse to each other. Both these matrices characterize the translational motion of a particle suspended in a fluid, but the matrix O tt corresponds to translation with no torque and ͑ tt ͒ −1 to translation with no rotation.
By comparing relations ͑5͒ and ͑6͒ we find that
Since the matrix O rr is positive definite, and the matrices O tr and O rt satisfy the symmetry relation ͑7͒, relation ͑10͒ implies
By taking the trace of the above inequality, we obtain the corresponding relation
which is equivalent to the first of the inequalities in expression ͑2͒. The analogous relations hold in different reference frames as well. In addition to the algebraical meaning represented by Eq. ͑10͒, relations ͑11͒ and ͑12͒ have a simple physical interpretation: Removal of the constraint on particle rotation leads to decreased energy dissipation; this decrease is reflected in an increase of the particle mobility.
We note that for nonskew bodies ͑e.g., particles with point symmetry͒ the translation-rotation coupling vanishes in the center-of-mobility reference state,
Relation ͑10͒ implies that, in this case,
D. Dimensionless variables
In what follows we use dimensionless variables with the length scales, electrostatic potentials, and velocities normalized by arbitrary units a , 0 , and U 0 . Charges are normalized by the charge Q 0 =4⑀ 0 a 0 of a conducting sphere of radius a and potential 0 . Forces are normalized by the resistance force F 0 =6 0 aU 0 acting on a sphere of radius a moving with the velocity U 0 . The angular velocities and torques are rescaled by a −1 U 0 and aF 0 , respectively. With this normalization choice, the electrostatic capacitance and the translational friction coefficient of a unit sphere are equal to unity, consistent with the normalization of the corresponding quantities in relations ͑1͒-͑3͒. Therefore, the translational components of the friction and mobility matrices defined by Eqs. ͑5͒, ͑6͒, and ͑8͒, now understood to be dimensionless, can be identified with the translational friction and mobility matrices that appear in relations ͑1͒-͑3͒,
III. BOUNDARY-INTEGRAL FORMULATION
A. Oseen and Green integral operators
Relations ͑2͒ and ͑3͒ are derived from the Stokes-flow and electrostatic boundary-value problems rewritten as boundary-integral equations for the induced-force distribution f and charge distribution
where v is the velocity field in the system and is the electrostatic potential. The Oseen and Green boundaryintegral operators T and G are defined by the expressions
where the integration is over the particle surface S. The kernel functions in relations ͑18͒ and ͑19͒ are equal to the ͑nor-malized͒ Oseen tensor
and electrostatic Green function
where r = ͉r͉, and r = r / r. The prefactor 3 4 in Eq. ͑20͒ ͓rather than the usual ͑8͒ −1 ͔ results from the coefficient 6 in the definition of the force unit F 0 . Similarly, the normalization of the Green's functions ͑21͒ is consistent with the normalization of the potential and charge.
Two useful relations between the kernel functions ͑20͒ and ͑21͒ can be established. First, taking the trace of the Oseen tensor ͑20͒ and comparing the result to the Green function ͑21͒ yields 1 3 tr T͑r͒ = G͑r͒. ͑22͒
The second relation holds between the Fourier transforms
of the kernel functions ͑20͒ and ͑21͒, where k is the wave vector, k = ͉k͉, and k = k / k. By comparing the above Fourier transforms we find a matrix relation of the form
Relations ͑22͒ and ͑24͒ are used in Sec. IV to derive the electrostatic bounds ͑2͒ and ͑3͒. The derivation is based on an analysis of energy-dissipation and electrostatic-energy functionals. These functionals are introduced in the following section.
B. Energy dissipation and electrostatic energy
The energy dissipation by a moving particle and electrostatic energy of a charged particle are both positive. To express the corresponding energy-dissipation and electrostatic-energy functionals in a compact way, we introduce functional inner products for vector and scalar fields defined on the particle surface. The inner product for vector fields a and b is given by the expression
where the integration is over the particle surface S. The inner products ͑a , b͒ and ͑a , b͒ that involve the scalar fields a and b are defined in an analogous way. The positivity principles for the energy dissipation Ė produced by an induced force distribution f 0 and for the electrostatic energy E of a charge 0 are given by the relations
in which Eqs. ͑16͒ and ͑17͒ have been used. The inequalities in the above relations can be directly obtained from expressions ͑23͒ for Fourier transforms of the kernel functions ͑20͒ and ͑21͒, by noting that the convolutions in Eqs. ͑18͒ and ͑19͒ become products in Fourier space. Relation ͑26͒ indicates that the Oseen operator T is semipositive definite in the functional space of surface vector fields f with the scalar product ͑25͒. The Green operator G is positive definite in the corresponding space of scalar fields, according to relation ͑27͒.
C. Hydrodynamic friction and mobility tensors and electrostatic capacitance
The energy-dissipation functional that appears in the inequality ͑26͒ can be used to express the translational hydrodynamic friction and mobility tensors and O in terms of the induced-force distribution on the surface of a particle moving under the action of a unit force. In the friction problem the particle translates without rotation, and in the mobility problem it translates freely rotating with no torque. The corresponding expression for the electrostatic capacitance C involves the electrostatic energy ͑27͒ of an equipotential particle with unit charge.
Friction matrix. As implied by the definition ͑5͒ of the resistance problem, the inverse translational friction matrix −1 relates the velocity of a particle moving without rotation to the force F acting on it. Accordingly, the energydissipation expression for the matrix elements ␣␤ −1 of the matrix −1 is obtained by considering the motion of a nonrotating particle under the action of unit forces pointing in three mutually orthogonal directions. Under the assumed conditions
͑where ê ␣ , ␣ = 1,2,3 stands for orthogonal unit vectors͒, the translational particle velocity U = U ͑␣͒ is given by the inverse resistance relation
It thus follows that
Relations ͑28͒ and ͑29͒ imply that the induced-force distribution f = f ␣ associated with particle motion produced by the unit force pointing in direction ␣ satisfies the boundaryintegral equation ͑16͒ with the boundary condition
for the fluid velocity on the particle surface S. The translational velocity U ͑␣͒ of the particle is determined from the unit-force constraint
The energy-dissipation functional with the induced-force distribution specified by Eqs. ͑31͒ and ͑32͒ yields
The above result is obtained from the relation
͓which follows from Eqs. ͑16͒ and ͑31͔͒, by applying the unit force constraint ͑33͒ and using relation ͑30͒. Mobility matrix. The matrix elements O␣␤ of the mobility matrix O are given by the expression analogous to ͑33͒, but with different supplementary conditions. As indicated by the definition ͑6͒ of the mobility problem, the translational mobility matrix relates the velocity of a torquefree particle to the force F that produces its motion. Accordingly, the energy-dissipation expression for the matrix elements ␣␤ involves the induced-force distributions f ␣ on the surface of a torque-free particle moving under the action of unit forces pointing in the direction ␣ = 1,2,3. Under conditions F = ê ␣ , = 0, ͑35͒ the translational and angular particle velocities U = U ͑␣͒ and ⍀ = ⍀ ͑␣͒ are given by the mobility relations
In particular, Eq. ͑36a͒ implies that
Relations ͑35͒ and ͑36a͒ indicate that the induced-force distribution f ␣ satisfies the boundary-integral equation ͑16͒ with the boundary condition
In the above relation, r O = r − R O denotes the position of point r relative to the mobility center R O . The translational and angular particle velocities U ͑␣͒ and ⍀ ͑␣͒ are determined from the unit-force and no-torque constraints
corresponding to Eqs. ͑35͒. The energy-dissipation functional with the induced-force distribution given by Eqs. ͑38͒ and ͑39͒ yields the result analogous to ͑33͒,
The above expression is obtained by noting that
which follows from Eqs. ͑16͒ and ͑38͒. The first term on the right side of the above relation reduces to the mobility matrix by Eqs. ͑39a͒ and ͑37͒ ͓similarly as with the derivation of Eq. ͑33͔͒, and the second term vanishes by the no-torque constraint ͑39b͒. Capacitance. Relations for the electrostatic capacitance C of a conducting particle are analogous to the expressions ͑31͒-͑33͒ and ͑38͒-͑40͒ for the friction and mobility matrices. Namely, the charge distribution satisfies the boundaryintegral equation ͑17͒ with the boundary condition corresponding to the equipotential particle surface,
The particle potential ⌽ ͑0͒ is determined by the unit-charge constraint
With the charge density specified by Eqs. ͑42͒ and ͑43͒, the capacitance of a conducting particle can be expressed in the form
The above relation is obtained by comparing the electrostatic energy functional ͑27͒ to the energy E = C −1 Q 2 of a capacitor with charge Q =1.
IV. VARIATIONAL BOUNDS
The electrostatic bounds ͑2͒ and ͑3͒ are derived from the variational relation
and f is a trial field. To obtain the electrostatic bounds, the trial field is expressed in terms of the solution of the conducting-particle problem, defined by Eqs. ͑42͒ and ͑43͒. Accordingly, the trial field is chosen in the form
In the following sections, the consequences of the assumption ͑47͒ are examined separately for the friction problem ͑32͒ and ͑33͒ and the mobility problem ͑39͒ and ͑40͒.
A. Friction inequality
To derive electrostatic bounds on the friction matrix , we note that the linear terms
in Eq. ͑45͒ vanish in the present case. This result can be obtained by eliminating the force f ␤ with the help of Eq. ͑16͒, applying the boundary condition ͑31͒, and then using the normalization conditions ͑43͒ and ͑32͒. Accordingly, we have
where
is the translational velocity of the particle moving without rotation under the action of the unit force in the direction ␤. Using ͑33͒ and rearranging the remaining terms in Eq. ͑45͒, we thus get
Trace relation. To obtain the electrostatic bound ͑2͒ for the friction tensor, we take the trace of both sides of relation ͑51͒, and use the identity
which follows from ͑22͒ and the form ͑47͒ of the trial field f. Inserting ͑52͒ into ͑51͒ and using Eq. ͑44͒ yields
Two important consequences can be derived from Eq. ͑53͒. First, since the Oseen operator T is semipositive definite according to relation ͑26͒, the inequality 
͑54͒
immediately follows. Next, the correction term in Eq. ͑53͒ is second order in the error of the trial field, i.e.,
The second-order accuracy of relation ͑55͒ explains why the Hubbard-Douglas approximation ͑1͒ is highly accurate for many particle shapes. In particular, for ellipsoids the trial force field ͑47͒ is exact, which implies that the HubbardDouglas relation holds exactly in this case. 15 Matrix relation. To obtain the matrix inequality ͑3͒, the trial function ͑47͒ is inserted into the first term on the right side of relation ͑51͒. By taking the Fourier transform of the resulting expression, using ͑24͒, and transforming back to real space we get
where ͕a ␣␤ ͖ denotes the matrix with elements a ␣␤ . The matrix inequality ͑3͒ is obtained by inserting equation ͑56͒ into ͑51͒, and using the semipositive definiteness of the Oseen operator ͑26͒ to eliminate the last term on the right side. Since in the derivation of the matrix bound ͑3͒ the inequality ͑24͒ has been used, the accuracy of this bound is O͑1͒.
B. Mobility inequality
The derivation of the trace bound ͑2͒ for the mobility matrix is more complex than the derivation presented above for the friction matrix. Moreover, in the mobility case, there is no simple matrix inequality analogous to ͑3͒.
As for the friction-matrix problem, we start our analysis by examining the linear terms ͑48͒ in the variational relation ͑45͒. The matrix elements are evaluated by applying Eq. ͑16͒ and using the boundary condition ͑38͒. After some simple rearrangements we get
where U ͑␤͒ and ⍀ ͑␤͒ are translational and angular velocities ͑36͒ of the torque-free particle moving under the action of the unit force ê ␤ , and
is the dipole moment of the charge distribution , evaluated in the reference frame of the center of mobility. The first term on the right side of Eq. ͑57͒ vanishes for the same reasons as the term ͑49͒ does; the second term vanishes due to condition ͑39b͒. However, the last term is usually nonzero. Inserting relation ͑36b͒ into ͑57͒ and using the above-described simplifications yields
Trace relation. In order to demonstrate the electrostatic bound ͑2͒ for the mobility matrix O , the trace of both sides of Eq. ͑45͒ is evaluated, and relations ͑48͒ and ͑59͒ are used. The result can further be simplified by noting that
due to symmetry ͑8͒ of the tensor O . It follows that the linear terms ͑48͒ vanish after the trace of the variational relation ͑45͒ is evaluated. The scalar bound ͑2͒ for the mobility matrix O can now be obtained in a similar manner as has been done for the friction matrix. Accordingly, using Eqs. ͑40͒ and ͑52͒ in the simplified variational relation ͑45͒ yields
By the semipositive definiteness of the Oseen operator ͑26͒ we thus have
The accuracy of estimate ͑62͒ is second order in the error of the trial field,
as in the friction case ͑55͒. Matrix relation. The variational relation ͑45͒ can be used to obtain a matrix inequality not only for the friction problem but also for the mobility problem. However, the linear term ͑59͒ yields a nonzero contribution in the mobility case. Applying the symmetry relation ͑48͒ we find that
where ͕a ␣␤ ͖ s denotes the symmetric part of the matrix with elements a ␣␤ . Relation ͑64͒ involves the rotational-translational mobility matrix O rt and the dipole moment ͑58͒. Thus, it is less useful than the simple inequality ͑3͒ for the friction matrix. However, for some particle shapes, one can show that the additional term on the right side vanishes by symmetry.
V. NUMERICAL EXAMPLES
To characterize the sharpness of trace bounds ͑2͒, we introduce the parameters
The sharpness of the matrix bound ͑3͒ is characterized by the parameters
where O ͑␣͒ are eigenvalues of the mobility tensor. For axisymmetric systems, ␣ = Ќ corresponds to the transverse and ␣ = ʈ to the axial direction. By the inequalities ͑2͒ and ͑3͒, all sharpness parameters ͑65͒-͑67͒ are non-negative. The behavior of the sharpness parameters ͑65͒-͑67͒ is illustrated in Figs. 1-4 for rigid arrays of equal-size spheres. Accurate results for the friction and mobility tensors as well as for the capacitance were obtained using multipoleexpansion methods. 25 In Figs. 1 and 2 sharpness parameters are shown for axisymmetric arrangements of spheres. The parameters ͑65͒ and ͑66͒ are equivalent for these systems
because relation ͑13͒, and therefore ͑14͒, holds by symmetry. In Fig. 1 the parameters ⌬ , ⌬ ʈ , and ⌬ Ќ are shown for a pair of spheres versus the center-to-center distance l normalized by the sphere diameter 2a. The results indicate that the bound ͑2͒ is sharp, with the relative error ⌬ not exceeding 0.005; in contrast, the bound ͑3͒ is much weaker. For large interparticle distances ⌬ ʈ , ⌬ Ќ = because the lower-order terms of tr −1 and C cancel. In Fig. 2 the sharpness parameters ͑67͒ and ͑68͒ are presented for linear chains of N touching spheres. The plot of the parameter ⌬ indicates that the trace inequality ͑2͒ is sharp for all chain lengths, with maximal error ⌬ = 0.0056 for N = 5. The results for ⌬ ʈ show that the bound ͑3͒ is weak for moderate-length chains but it provides a good estimate for ʈ as N → ϱ.
By extrapolation of our numerical results, we find that We note that linear chains of spheres do not satisfy all the assumptions of Weinberger's theorem: such chains are not convex and they do not contain an ellipsoid of a comparable length. Our numerical results therefore indicate that the range of validity of this theorem is broader than is implied by his assumptions. Moreover, result ͑70͒ suggests that in the slender-body limit the Hubbard-Douglas relation ͑1͒ is exact for axisymmetric systems.
To illustrate the behavior of sharpness parameters ͑65͒ and ͑66͒ for systems without skew symmetry, we calculated the friction and mobility tensors and O for helical chains of touching spheres with centers on a line given by equations
Here, 0 is the radius of the helix, ⑀ is its pitch, and ͑ , , z͒ are cylindrical coordinates. In Fig. 3 the parameters ⌬ ͑͒ and ⌬ ͑͒ are shown for helices with different radii and lengths. The results indicate that both sharpness parameters are small, and that
is consistent with relation ͑2͒.
The friction tensor and capacitance were also evaluated for a statistical ensemble of random arrays of nonoverlapping spheres with centers confined to a cube of volume V. Results for the ensemble average and probability distribution of the parameter ⌬ ͑͒ are presented in Fig. 4 for different numbers of spheres N and volume fractions = 4 ր 3 a 3 N / V. For all parameter values the bound ͑2͒ is sharp, with ⌬ ͑͒ weakly dependent on N and . The parameters ⌬ ␣ and ⌬ ͑͒ are not shown, because for cubic arrays of spheres the friction tensor is nearly isotropic and the translation-rotation coupling is small.
VI. CONCLUSIONS
We have derived scalar and tensor bounds relating the translational hydrodynamic friction and mobility matrices of an arbitrarily shaped rigid body to its electrostatic capacitance. The bounds were obtained from an energy-dissipation variational principle, formulated in terms of the inducedforce distribution on the particle surface. To relate hydrodynamical quantities to the solution of the electrostatic problem of a charged conducting particle, the trial force field in the variational functional was constructed from the charge distribution by multiplying it by a unit vector.
Our analysis not only provides exact bounds on the friction and mobility coefficients, but it also yields an error estimate of the bounds. In particular, the scalar bound ͑2͒ is accurate to second order in the error of the trial field. This explains why the bound is very sharp for many systems, as indicated by our numerical results and the results available in the literature. 15 The scalar bound ͑2͒ is closely related to the Hubbard-Douglas approximation ͑1͒, which is thus rigorously justified here. The tensorial bound ͑3͒ is less sharp for typical particle shapes, but it yields a good approximation for the smallest eigenvalue of the friction tensor of elongated particles, such as linear chains of spheres.
It should be noted that, some time ago, Weinberger 26 obtained results which are quite similar to ours. There are, however, some important differences between his and our studies. First, the physical system considered in the present paper differs from the one analyzed in reference. 26 Weinberger's results were obtained for a sedimenting particle whose rotation is restricted to the axis parallel to the gravitational field. We are concerned with the motion of a torque-free particle with the force acting at the center-of-mobility. Our scalar bound can thus be directly applied to the effective Brownian diffusion coefficient ͑9͒.
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The relation between our present results and the ones obtained by Weinberger can be established by analyzing particle motion produced by a force applied to the center of mobility in a principal direction of the translationalrotational mobility matrix ͑8͒. It can be shown that such motion satisfies Weinberger's assumptions.
In our study the bounds were obtained from the Thomson surface variational principle, with the surface force field used as the variational quantity. Weinberger applied the Helmholtz volume variational method, where the focus is on the velocity field. Since the relation between the trial force field and the electrostatic charge is very simple, our approach is much more transparent and concise than the one proposed by Weinberger. Moreover, our analysis provides not only the exact bounds on the friction and mobility coefficients, but it also yields a corresponding error estimate.
The results presented in our paper can be generalized to periodic systems by using periodic hydrodynamic and electrostatic Green functions in the variational bounds. An infinite periodic rigid body can be regarded as a macroscopic porous material. The hydrodynamic mobility tensor is thus replaced by the permeability tensor in this case. Similarly, the analog of the electrostatic capacitance is the effective reaction rate for diffusing tracer particles that are adsorbed on the solid surfaces in the porous material. A generalization of our analysis for periodic systems yields, therefore, bounds on the permeability matrix in terms of the reaction-rate coefficient. A more detailed discussion of the periodic problem will be presented elsewhere.
